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Abstract
Let k be an algebraically closed field of arbitrary characteristic, let K/k be a finitely
generated field extension and let X be a separated scheme of finite type over K. For each
prime `, the absolute Galois group of K acts on the `-adic etale cohomology modules of X.
We prove that this family of representations varying over ` is almost independent in the
sense of Serre, i.e., that the fixed fields inside an algebraic closure of K of the kernels of
the representations for all ` become linearly disjoint over a finite extension of K. In doing
this, we also prove a number of interesting facts on the images and on the ramification of
this family of representations.
1 Introduction
Let G be a profinite group and L a set of prime numbers. For every ` ∈ L let G` be a profinite
group and ρ` : G→ G` a homomorphism. Denote by
ρ : G→
∏
`∈L
G`
the homomorphism induced by the ρ`. Following the notation in [37] we call the family (ρ`)`∈L
independent if ρ(G) =
∏
`∈L
ρ`(G). The family (ρ`)`∈L is said to be almost independent if there
exists an open subgroup H of G such that ρ(H) =
∏
`∈L ρ`(H).
The main examples of such families of homomorphisms arise as follows: Let K be a field with
algebraic closure K˜ and absolute Galois group Gal(K) = Aut(K˜/K). Let X/K be a separated
algebraic scheme1 and denote by L the set of all prime numbers. For every q ∈ N and every
` ∈ L r {char(k)} we shall consider the representations
ρ
(q)
`,X : Gal(K)→ AutQ`(Hq(XK˜ ,Q`)) and ρ(q)`,X,c : Gal(K)→ AutQ`(Hqc (XK˜ ,Q`))
of Gal(K) on the e´tale cohomology groups Hq(XK˜ ,Q`) and Hqc (XK˜ ,Q`). The following inde-
pendence result has recently been obtained.
02010 MSC: 11G10, 14F20.
0Key words: Galois representation, e´tale cohomology, algebraic scheme, finitely generated field
1A scheme X/K is algebraic if the structure morphism X → SpecK is of finite type (cf. [15, Def. 6.4.1]).
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Independence of `-adic representations
Theorem 1.1. Let K be a finitely generated extension of Q and let X/K be a separated algebraic
scheme. Then the families (ρ
(q)
`,X)`∈L and (ρ
(q)
`,X,c)`∈L are almost independent.
The proof of this statement in the important special case trdeg(K/Q) = 0 is due to Serre
(cf. [37]). The case trdeg(K/Q) > 0 was worked out in [14], answering a question of Serre
(cf. [37], [36]) and Illusie [21].
The usefulness of almost independence is alluded to in Serre [37, Introd.] (cf. also [36, Sect. 10]).
Almost independence for a family (ρ` : Gal(K) → G`)`∈L means that after a finite field ex-
tension E/K, the image of Gal(E) under the product representation
∏
`∈L ρ` is the product
P =
∏
`∈L ρ`(Gal(E)) of the images. In particular for any finite extension F/E, the image of
Gal(F ) is open in P . This has applications if one has precise knowledge of the shape of the im-
ages for all `. For instance, suppose that there exists a reductive algebraic subgroup G of some
GLn over Q such that for all sufficiently large finite extensions F of K the image ρ`(Gal(F )) is
open in G(Q`) ∩ GLn(Z`) for all ` and surjective for almost all `. Then almost independence
implies that for some finite extension E of K the image Gal(E) is adelically open, i.e., it is open
in the restricted product
∏′
`∈LG(Q`). For K a number field, the Mumford-Tate conjecture
(cf. [34, C.3.3, p. 387]) predicts a group G as above if ρ` arises from an abelian variety over K.
The present article is concerned with a natural variant of Theorem 1.1 that grew out of the
study of independence of families over fields of positive characteristic. For K a finitely generated
extension of Fp it has long been known, e.g. [20] or [11], that the direct analogue of Theorem 1.1
is false: If ε` : Gal(Fp)→ Z×` denotes the `-adic cyclotomic character that describes the Galois
action on `-power roots of unity, then it is elementary to see that the family (ε`)`∈Lr{p} is not
almost independent. It follows from this that for every abelian variety A/K, if we denote by
σ`,A : Gal(K) → AutQ`(T`(A)) the representation of Gal(K) on the `-adic Tate module of A,
then (σ`,A)`∈Lr{p} is not almost independent. One is thus led to study independence over the
compositum F˜pK obtained from the field K by adjoining all roots of unity. Having gone that
far, it is then natural to study independence over any field K that is finitely generated over an
arbitrary algebraically closed field k. Our main result is the following independence theorem.
Theorem 1.2. (cf. Theorem 7.5) Let k be an algebraically closed field of characteristic p ≥ 0.
Let K/k be a finitely generated extension and let X/K be a separated algebraic scheme. Then
the families (ρ
(q)
`,X |Gal(K))`∈Lr{p} and (ρ(q)`,X,c|Gal(K)))`∈Lr{p} are almost independent.
It will be clear that many techniques of the present article rely on [37]. Also, some of the key
results of [14] will be important. The new methods in comparison with the previous results are
the following: (i) The analysis of the target of our Galois representations, reductive algebraic
groups over Q`, will be based on a structural result by Larsen and Pink (cf. [27]) and no longer
as for instance in [37] on extensions of results by Nori (cf. [31]). In the technically useful case
k 6= k˜, this facilitates greatly the passage from Gal(K) to Gal(Kk˜) when studying their image
under ρ
(q)
`,X,?. (ii) Since we also deal with cases of positive characteristic, ramification properties
will play a crucial role to obtain necessary finiteness properties of fundamental groups. The
results on alterations by de Jong (cf. [6]) will obviously be needed. However we were unable
to deduce all needed results from there, despite some known semistability results that follow
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from [6]. Instead we carry out a reduction to the case where K is absolutely finitely generated
and where X/K is smooth and projective (this uses again [6]). (iii) In the latter case, we use
a result by Kerz-Schmidt-Wiesend (cf. [24]) that allows one to control ramification on X by
controlling it on all smooth curves on X. Since X is smooth, results of Deligne show that the
semisimplifications of ρ
(q)
`,X,? form a pure and strictly compatible system. On curves, we can then
apply the global Langlands correspondence proved by Lafforgue in [26]. This is a deep tool, but
it allows us to obtain a very clean conclusion about the ramification properties of (ρ
(q)
`,X,?)`∈Lr{p}.
Part (i) is carried out in Section 3. Results on fundamental groups and first results on ramifica-
tion are the theme of Section 4; this includes parts of (ii) and we also refine some results from
[24]. Section 5 provides the basic independence criterion on which our proof of Theorem 1.2
ultimately rests. Section 6 performs the reductions mentioned in (ii). The ideas described in
(iii) are concluded in Section 7, where a slightly more precise form of Theorem 1.2 is proved.
We would like to point out that an alternative method for the part (ii) of our approach could be
based on a recent unpublished result by Orgogozo which proves a global semistable reduction
theorem (cf. [32, 2.5.8. Prop.]). When our paper was complete we were informed by Anna
Cadoret that, together with Akio Tamagawa, she has proven our Theorem 1.2 by a different
method cf. [5].
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2 Notation
For a field K with algebraic closure K˜, we denote by Ks ⊂ K˜ a separable closure. Then Gal(K)
is equivalently defined as Gal(Ks/K) and as Aut(K˜/K), since any field automorphism of Ks
fixing K has a unique extension to K˜. If E/K is an arbitrary field extension, and if K˜ is chosen
inside E˜, then there is a natural isomorphism Aut(K˜/K˜ ∩E) '−→ Aut(K˜E/E). Composing its
inverse with the natural restriction Gal(E)→ Aut(EK˜/E) one obtains a canonical map which
we denote resE/K : Gal(E) → Gal(K). If E/K is algebraic, then resE/K is injective and we
identify Gal(E) with the subgroup resE/K(Gal(E)) = Gal(E ∩ K˜) of Gal(K).
Let G be a profinite group. A normal series in G is a sequence
G . N1 . N2 . · · · . Ns = {e}
of closed subgroups such that each Ni is normal in G.
3
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A K-variety X is a scheme X that is integral separated and algebraic over K. We denote by
K(X) its function field. Let S be a normal connected scheme with function field K. A separable
algebraic extension E/K is said to be unramified along S if for every finite extension F/K inside
E the normalization of S in F is e´tale over S. We usually consider S as a scheme equipped with
the generic geometric base point s : Spec(K˜) → S and denote by pi1(S) := pi1(S, s) the e´tale
fundamental group of S. If Ω denotes the maximal extension of K in Ks which is unramified
along S, then pi1(S) can be identified with the Galois group Gal(Ω/K). A homomorphism
ρ : Gal(K)→ H is said to be unramified along S if the fixed field Kker(ρ)s is unramified along S.
If E/K is an arbitrary algebraic extension, then ρ|Gal(E) stands for ρ ◦ resE/K .
3 Concepts from group theory
In this section, we prove a structural result for compact profinite subgroups of linear algebraic
groups over Q˜` (cf. Theorem 3.4) that will be crucial for the proof of the main theorem of this
article. It is a consequence of a variant (cf. Proposition 3.8) of a theorem of Larsen and Pink
(cf. [27, Thm. 0.2, p. 1106]). The proof of Proposition 3.8 makes strong use of the results and
methods in [27], and in particular does not depend on the classification of finite simple groups.
Definition 3.1. For c ∈ N we denote by Σ`(c) the class of profinite groups M which possess a
normal series by open subgroups
M . I . P . {1}
such that M/I is a finite product of finite simple groups of Lie type in characteristic `, the group
I/P is finite abelian of order prime to ` and index [I : P ] ≤ c, and P is a pro-` group.
Definition 3.2. For d ∈ N and ` a prime we denote by Jor`(d) the class of finite groups H
which possess a normal abelian subgroup N of order prime to ` and of index [H : N ] ≤ d. We
define Jor(d) as the union of the Jor`(d) over all primes `.
Definition 3.3. A profinite group G is called n-bounded at ` if there exist closed compact
subgroups G1 ⊂ G2 ⊂ GLn(Q˜`) such that G1 is normal in G2 and G ∼= G1/G2.
The following is the main result of this section.
Theorem 3.4. For every n ∈ N there exists a constant J ′(n) (independent of `) such that
the following holds: For any prime `, any group G that is n-bounded at ` lies in a short exact
sequence
1→M → G→ H → 1
such that M is open normal in G and lies in Σ`(2
n) and H lies in Jor`(J
′(n)).
We state an immediate corollary:
Corollary 3.5. Let G be n-bounded at ` and define G+` as the normal hull of all pro-` Sylow
subgroups of G. Then for ` > J ′(n), the group G+` is an open normal subgroup of M of index
at most 2n.
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In the remainder of this section we shall give a proof of Theorem 3.4. Moreover we shall derive
some elementary permanence properties for the properties described by Σ`(d) and Jor`(d).
The content of the following lemma is presumably well-known.
Lemma 3.6. For every r ∈ N, every algebraically closed field F and every semisimple algebraic
group G of rank r the center Z of G satisfies |Z(F )| ≤ 2r.
Proof. Lacking a precise reference, we include a proof for the reader’s convenience. Observe
first that the center Z is a finite (cf. [30, I.6.20, p. 43]) diagonalizable algebraic group. Let T
be a maximal torus of G. Denote by X(T ) = Hom(T,Gm) the character group of T and by
Φ ⊂ X(T ) the set of roots of G. Then R = (X(T )⊗R,Φ) is a root system. Let P = ZΦ be the
root lattice and Q the weight lattice of this root system. Then P ⊂ X(T ) ⊂ Q. The center Z
of G is the kernel of the adjoint representation (cf. [30, I.7.12, p. 49]). Hence Z =
⋂
χ∈Φ ker(χ)
and there is an exact sequence
0→ Z → T →
∏
χ∈Φ
Gm
where the right hand map is induced by the characters χ : T → Gm (χ ∈ Φ). We apply the
functor Hom(−,Gm) and obtain an exact sequence∏
χ∈Φ
Z→ X(T )→ Hom(Z,Gm)→ 0
The cokernel of the left hand map is X(T )/P . Thus |Z(F )| ≤ [X(T ) : P ] ≤ [Q : P ].
Furthermore, the root system R decomposes into a direct sum
R =
s⊕
i=1
(Ei,Φi)
of indecomposable root systems Ri := (Ei,Φi). Let ri = dim(Ei) be the rank of Ri. Let Pi
be the root lattice and Qi the weight lattice of Ri. Note that by definition P = ⊕iPi and
Q = ⊕iQi. It follows from the classification of indecomposable root systems that |Qi/Pi| ≤ 2ri
(cf. [30, Table 9.2, p. 72]) for all i. Hence |Z(F )| ≤ |Q/P | ≤ 2r12r2 · · · 2rs = 2r as desired.
Remark 3.7. The semisimple algebraic group (SL2,C)
r has rank r and its center (µ2)
r has
exactly 2r C-rational points. Hence the bound of Lemma 3.6 cannot be improved.
The following result is an adaption of the main result of [27] by Larsen and Pink.
Proposition 3.8. For every n ∈ N, there exists a constant J ′(n) such that for every field F of
positive characteristic ` and every finite subgroup Γ of GLn(F ), there exists a normal series
Γ . L . M . I . P . {1}
of Γ with the following properties:
5
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i) [Γ : L] ≤ J ′(n).
ii) The group L/M is abelian of order prime to `.
iii) The group M/I is a finite product of finite simple groups of Lie type in characteristic `.
iv) The group I/P is abelian of order prime to ` and [I : P ] ≤ 2n.
v) P is an `-group.
Furthermore the constant J ′(n) is the same as in [27, Thm. 0.2, p. 1106].
Proof. We can assume that F is algebraically closed. Let J ′(n) be the constant from [27,
Thm. 0.2, p. 1106]. Larsen and Pink construct in the proof of their Theorem [27, Thm. 0.2, p.
1155–1156] a smooth algebraic group G over F containing Γ and normal subgroups Γi of Γ such
that there is a normal series
Γ . Γ1 . Γ2 . Γ3 . {1}
and such that [Γ : Γ1] ≤ J ′(n), Γ1/Γ2 is a product of finite simple groups of Lie type in
characteristic `, Γ2/Γ3 is abelian of order prime to ` and Γ3 is an `-group. Let R be the
unipotent radical of the connected component G◦ of G. The proof of Larsen and Pink shows
that Γ1 / G
◦(F ), Γ3 = Γ ∩R(F ) and Γ2/Γ3 is contained in Z(F ) where Z denotes the center of
the reductive group G := G◦/R. Let D = [G,G] be the derived group of G and D = [G◦, G◦]R.
Now define L = Γ1, M = Γ1 ∩D(F ), I = Γ2 ∩D(F ) and P = Γ3. These groups are normal in
Γ, because D(F ) is characteristic in G◦(F ) and because Γ1,Γ2,Γ3 are normal in Γ. The group
L/M is a subgroup of the abelian group G◦(F )/D(F ). The group M/I is a normal subgroup
of Γ1/Γ2, hence it is a product of finite simple groups of Lie type in characteristic `. The group
I/P is a subgroup of Γ2/Γ3, hence I/P is abelian of order prime to `. Furthermore I/P = I/Γ3
is a subgroup of G(F ) which lies in D(F ) and in Z(F ). Thus I/P lies in the center Z(F )∩D(F )
of the semisimple group D(F ). It follows by Lemma 3.6 that [I : P ] ≤ 2rk(D).
It remains to show that rk(D) ≤ n. Let T be a maximal torus of D and denote by pi : G◦ → G
the canonical projection. Then the algebraic group B := pi−1(T ) sits in an exact sequence
0→ R→ B → T → 0
and B is connected smooth and solvable, because R and T have these properties. The above
exact sequence splits (cf. [10, XVII.5.1]); hence B contains a copy of T . This copy is contained
in a maximal torus T ′ of GLn,F . Thus n = dim(T ′) ≥ dim(T ) = rk(D) as desired. 2
Proof of Theorem 3.4. Suppose G is n-bounded at `, so that it is a quotient G2/G1 with Gi ⊂
GLn(Q˜`). By Lemma 3.9(a) below, it will suffice to prove the theorem for G2. Thus we assume
that G is a compact profinite subgroup of GLn(Q˜`). By compactness of G and a Baire category
type argument (cf. [12, proof of Cor. 5]) the group G is contained in GLn(E) for some finite
extension E of Q`. Let OE be the ring of integers of the local field E. Again by compactness of
G one can then find an OE-lattice in En that is stable under G. Hence we may assume that G
is a closed subgroup of GLn(OE).
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Let p be the maximal ideal of the local ring OE and let F = OE/p be its residue field. The kernel
K of the canonical map p : GLn(OE)→ GLn(F) is a pro-` group. Hence Q = K∩G is pro-` and
open normal in G. We now apply Proposition 3.8 to the subgroup G/Q of GLn(F) ⊂ GLn(F )
with F = F ∼= F`. This yields a normal series
G . L .M . I . P . Q . {1}
such that the group G/M lies in Jor`(J
′(n)), and the group M lies in Σ`(2n) – for the latter use
that Q is pro-` and normal in G and P/Q is a finite `-group.
The following lemma records a useful permanence property of groups in Σ`(c) and Jor`(d).
Lemma 3.9. Fix any e ∈ N. Then for any prime number ` the following holds:
(a) If H ′ H is a normal subgroup of some H ∈ Jor`(e), then H ′ and H/H ′ lie in Jor`(e).
(b) If M ′M is a closed normal subgroup of some M ∈ Σ`(e), then M ′ and M/M ′ lie in Σ`(e).
If M ′ in part (b) of the lemma was not normal in M, then clearly M ′ need not lie in Σ`(c) again.
Proof. We only give the proof of (b), the proof of (a) being similar but simpler. Let M be
in Σ`(e) and consider a normal series M . I . P . {1} as in Definition 3.1. Then L := M/I
is isomorphic to a product L1 × · · · × Ls for certain finite simple groups of Lie type Li in
characteristic `. Suppose M ′ is a closed normal subgroup of M and define M ′ = M ′I/I. By
Goursat’s Lemma the groups M ′ and M ′/M ′ are products of some of the Li. From this it is
straightforward to see that both M ′ and M/M ′ lie in Σ`(c).
The following corollary is immediate from Lemma 3.9(b):
Corollary 3.10. Fix a constant c ∈ N. Let G be a profinite group, and for each ` ∈ L let
ρ` : G → G` be a homomorphism of profinite groups such that Im(ρ`) ∈ Σ`(c) for all ` ∈ L.
Then for any closed normal subgroup N G one has Im(ρ`|N) ∈ Σ`(c) for all ` ∈ L.
In particular, if HG is an open subgroup, then the above applies to any normal open subgroup
N G that is contained in H.
4 Fundamental groups: finiteness properties and ramifi-
cation
The purpose of this section is to recall some finiteness properties of fundamental groups and
to provide some basic results on ramification. Regarding the latter we draw from results by
Kerz-Schmidt and Wiesend (cf. [24]) and from de Jong on alterations (cf. [6]).
We begin with a finiteness result of which a key part is from [14].
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Proposition 4.1. Suppose that either k is a finite field and S is a smooth proper k-variety or
that k is a number field and S is a smooth k-variety, and denote by K = k(S) the function
field of S. For d ∈ N, let Md be the set of all finite Galois extensions E/K inside K˜ such that
Gal(E/K) satisfies Jor(d) and such that E is unramified along S. Then there exists a finite
Galois extension K ′/K which is unramified along S such that E ⊂ k˜K ′ for every E ∈Md.
Proof. Let Ω =
∏
E∈Md E be the compositum of all fields inMd. For every E ∈Md the group
Gal(E/K) satisfies Jor(d) and hence there is a finite Galois extension E ′/K inside E such that
[E ′ : K] ≤ d and such that E/E ′ is abelian. Define
Ω′ =
∏
E∈Md
E ′.
Then Ω/Ω′ is abelian. Let k0 (resp. κ′, resp. κ) be the algebraic closure of k in K (resp. in Ω′,
resp. in Ω).
K Ω′ Ω
k k0 κ
′ κ
It suffices to prove the following
Claim. The extension Ω/κK is finite.
In fact, once this is shown, it follows that the finite separable extension Ω/κK has a primitive
element ω. Then Ω = κK(ω) and K(ω)/K is a finite separable extension. Let K ′ be the normal
closure of K(ω)/K in Ω. Then k˜K ′ ⊃ κK ′ ⊃ κK(ω) = Ω as desired.
In the case k = Q the claim has been shown in [14, Proposition 2.2]. Assume from now on that
k is finite. It remains to prove the claim in that case. The structure morphism S → Spec(k) of
the smooth scheme S factors through Spec(k0) and S is a geometrically connected k0-variety.
The profinite group pi1(S ×k0 Spec(k˜)) is topologically finitely generated (cf. [18, Thm. X.2.9])
and Gal(k0) ∼= Zˆ. Thus it follows by the exact sequence (cf. [18, Thm. IX.6.1])
1→ pi1(S ×k0 Spec(k˜))→ pi1(S)→ Gal(k0)→ 1
that pi1(S) is topologically finitely generated. Thus there are only finitely many extensions of
K in K˜ of degree ≤ d which are unramified along S. It follows that Ω′/K is a finite extension.
Thus κ′ is a finite field. If we denote by S ′ the normalization of S in Ω′, then S ′ → S is finite
and e´tale, hence S ′ is a smooth proper geometrically connected κ′-variety. Furthermore Ω/Ω′ is
abelian and unramified along S ′. Hence Ω/κΩ′ is finite by Katz-Lang (cf. [22, Thm. 2, p. 306]).
As Ω′/K is finite, it follows that Ω/κK is finite.
Our next aim is to introduce several notions of ramification, that are refinements of [24], useful
for coverings of general schemes. Let E/K be a separable algebraic extension of fields. Let v
be a discrete rank 1 valuation of K and w an extension of v to E. Let ` be a prime number
different from char(k(v)). The extension E/K is said to be tame (resp. `-tame) at w if the
8
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residue field extension k(w)/k(v) is separable and for every finite extension F of K inside E/K
the ramification index [w(F×) : v(K×)] is prime to char(k(v)) (resp. is a power of `). If E/K
is Galois and the ramification group Iw is of order prime to char(k(v)) (resp. pro-`), then the
residue field extension k(w)/k(v) is automatically separable and E/K is tame (resp. `-tame) at
w. The extension E/K is tame (resp. `-tame) at v if the extension E/K is tame (resp. `-tame)
at every extension w of v to E.
We fix some terminology for curves. Let k be a field of characteristic p ≥ 0. A curve C over k is
a smooth (but not necessarily projective) k-variety of dimension 1. Denote by P (C) the smooth
projective model of the function field k(C) (the model is unique up to isomorphism). Then P (C)
contains C, and we set ∂C := P (C) r C. Let ` be a prime number different from p. An e´tale
cover C ′ → C is called tame (resp. `-tame) if for any point x ∈ ∂C with valuation vx of k(C)
and every connected component Z ′ of C ′, the extension k(Z ′)/k(C) is tame (resp. `-tame) at vx.
Definition 4.2. Let S be a regular variety over a field k of characteristic p ≥ 0. Let f : T → S
be an e´tale cover. Let ` be a prime different from p.
(a) The cover f : T → S is curve tame (resp. curve `-tame) if for all k-morphisms ϕ : C → S
with C a smooth curve over k, the base changed cover fC : C ×S T → C is tame (resp.
`-tame).
(b) Assume that S is an open subscheme of a regular projective scheme S such that D = SrS
is a normal crossings divisor (NCD). Then f : T → S is tame (resp. `-tame) if for every
discrete valuation v of K defined by a generic point of D and every connected component
Z of T the extension k(Z)/k(S) is tame (resp. `-tame) at v.
We extend the above notions to profinite e´tale covers by saying that such a cover is pro-` curve
tame or pro-` tame if these conditions hold for all subcovers of finite degree.
Definition 4.3. Let k be a field of characteristic p ≥ 0. Let K/k be a finitely generated extension
and E/K an algebraic extension. Let ` be a prime different from p.
(a) The extension E/K is generically e´tale if there exists a regular k-variety S with function
field K such that for every finite extension F of K inside E/K the normalization of S in
F is e´tale over S.
(b) The extension E/K is divisor tame (resp. divisor `-tame) if it is generically e´tale and
tame (resp. `-tame) at every discrete rank 1 valuation v of K which is trivial on k.
Definition 4.4. Suppose k is a field of characteristic p ≥ 0 and K/k is a finitely generated
extension. Let ` be a prime number different from p. We call a homomorphism Gal(K)→ G of
profinite groups `-tame over k if the fixed field E := (Ks)
Ker(ρ) is divisor `-tame over K.
Remark 4.5. Let k be a field of characteristic p ≥ 0 and S a regular k-variety. Let f : T → S
be a connected e´tale cover. Let K = k(S) and E = k(T ). Let ` be a prime number different
from p. In [24, p. 12] the cover f : T → S is defined to be divisor tame if for any normal
9
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compactification S of S and a point s ∈ S r S with codimS s = 1, the extension E/K is tame
at the rank 1 valuation vs on K. We claim that the cover T/S is divisor tame in the sense of
[24, p. 12] if and only if the extension E/K is divisor tame in the sense of definition 4.3.
Clearly our notion of divisor tameness implies that of [24]. For the converse we follow closely
the argument in [24, Thm. 4.4] proof of (ii)⇒(iii) though with different references. Let w be
a valuation of E that is trivial on k and denote by v its restriction to K. Let S be a normal
compactification of S, which exists by the theorem of Nagata [28]. By [38, Prop. 6.4], there
exists a blow-up S
′
of S with center outside S such that v is the valuation of a codimension 1
point s ∈ S ′. By normalization, we may further assume that S ′ is normal. Both operations,
blow-up and normalization, do not affect S, and so we may take for S a normal compactification
of S that contains a codimension 1 point s with valuation v = vs. But then the divisor tameness
of [24] implies that w/v is at most tamely ramified.
The following result is a variant of parts of [24, Thm. 4.4]:
Proposition 4.6. Let k, S, T,K,E, f, ` be as in Remark 4.5. Then the following hold:
(a) The cover T/S is curve-tame if and only if the extension E/K is divisor tame.
(b) Suppose E/K is Galois. Then the cover T/S is curve-`-tame if and only if the extension
E/K is divisor `-tame.
(c) If S is an open subscheme of a regular projective scheme S such that D = SrS is a NCD,
then both conditions from (b) are equivalent to T/S being `-tame.
The assertions (a)–(c) extend in an obvious manner to profinite covers.
Proof. By Remark 4.5, part (a) of the proposition follows directly from the equivalence (i)⇔(ii)
in [24, Thm. 4.4].
For the proof of (b), suppose first that T/S is curve-`-tame and assume that E/K is not divisor
`-tame. By (a) we know that E/K is divisor tame. So let w be a valuation of E at which
E/K is not divisor `-tame. Denote by K1 ⊂ K2 ⊂ E extensions of K such that E/K1 is totally
ramified (and Galois) at w and K2/K1 is of prime degree `
′ 6= `. As in Remark 4.5, there exists
a normal compactification S of S and a codimension 1 point s of SrS that has a preimage t in
the normalization T of S in E/K with vt = w. We define Ti, T i, i = 1, 2, as the normalizations
of S or S in Ki/K, respectively. We claim that T/T1 is curve-`-tame.
To see this, observe first, that as with curve-tameness, it is a simple matter of drawing a suitable
commutative diagram to see that curve-`-tameness is stable under base change. In particular
the base change T ×S T1 → T1 is curve-`-tame. However, considering the commutative fiber
product diagram
T
 ''
s --
T ×S T1oo

S T1,oo
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we see that there is a canonical splitting s : T → T ×S T1 over T1. Hence T is a connected
component of T ×S T1 and as such the restriction T → T1 of the morphism T ×S T1 → T1
inherits curve-`-tameness.
Having the claim at our disposal, the hypothesis [K2 : K1] = `
′ yields that for any curve C1
mapping to T1, the induced cover C1 ×T1 T2 → C1 is everywhere unramified along ∂C1. Now
T 1 is regular in codimension 1, hence the regular locus W1 contains T1 as well as the divisor
corresponding to w|K1 . Let W2 be its preimage in T 2. Now by [24, Prop. 4.1], which can be
paraphrased as: curve-unramifiedness implies unramifiedness over a regular base, it follows that
W2 → W1 is e´tale. But then K2/K1 is e´tale along w, a contradiction.
For the converse of (b) suppose that E/K is divisor `-tame. We assume that there is a k-
morphism C → S for C a smooth curve such that pi : C×S T → S is not `-tame along ∂C. Since
Gal(E/K) acts faithfully on C ×S T → C, by passing to a subgroup and thus an intermediate
extension of E/K we may assume that C ×S T is irreducible. Since then Gal(E/K) is also the
Galois group of the cover pi, some further straightforward reductions allow us to assume that
[E : K] = `′ 6= ` for some prime `′ (which by (a) is different from p), and that Gal(E/K) ∼= Z/`′
is the inertia group above some valuation of k(C). Following the argument in the proof of [24,
Thm. 4.4] (v)⇒(i), we can find a discrete rank d = dimS valuation of E that is ramified of
order `′ (via a Parshin chain through the image of Spec k(C)). But [24, Lem. 3.5] says that
E/K is ramified at a discrete rank d valuation if and only if it is ramified at a discrete rank 1
valuation. We reach a contradiction because by hypothesis E/K is unramified at all discrete
rank 1 valuations.
Finally, we prove (c). It is clear that divisor `-tameness implies `-tameness. The proof that
`-tameness implies curve `-tameness follows from the argument given in [24, Prop. 4.2]: there
it is shown that tameness implies curve tameness. Consider a curve C over k and a morphism
ϕ : C → S over k. Then ϕ extends to a morphism ϕ : P (C) → S. Denote by ϕ(C) the closure
of ϕ(C) in S. The ramification of T ×S C → C occurs precisely at those points of P (C) that
under ϕ map to D ∩ ϕ(C). To analyze the ramification, the proof of [24, Prop. 4.2] appeals to
Abhyankar’s lemma. In the notation of loc. cit., the ramification is then governed by indices ni,
i = 1, . . . , r, that are prime to p. By the `-tameness of T → S, the ni must all be powers of `.
But then loc. cit. implies that T ×S C → C is `-tame, and this completes the proof.
Our formulation of divisor-tameness easily transfers under rather general field extensions:
Lemma 4.7. Suppose that char(k) = p > 0 and consider the following inclusions of fields:
K 
 // K ′
k
 ?
OO
  // k′
 ?
OO
If E/K is Galois and divisor `-tame over k, then so is EK ′/K ′ over k′.
Proof. It clearly suffices to prove the lemma in the case where E/K is finite Galois. Then
E ′ := EK ′ is finite Galois over K ′. Let w′ be any discrete rank one valuation of E ′ trivial on
11
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k′ and denote by w its restriction to E, by v′ the restriction to K ′ and by v the restriction to
K. We need to show that [w′(E ′∗) : v′(K ′∗)] is a power of ` and that the residue extension
is separable. The latter can be taken care of at once: The extension E/K is finite separable.
Hence so is E ′/K ′, because a primitive element of E/K will be such an element for E ′/K ′. For
the same reason, separability is preserved by the extensions of completions E ′w′/K
′
v′ at v
′. Now
by the Cohen structure theorem, the extension of residue fields is a subextension of E ′w′/K
′
v′ ,
and as such it must be separable. It remains to consider the index of the value groups.
Suppose first that v(K∗) = 0. Then we must have w(E∗) = 0, since otherwise, if α ∈ E
would satisfy w(α) 6= 0, then the sequence (αn)n∈Z would be linearly independent over K, a
contradiction. This means that under the residue map of E ′, the subfield E is mapped injectively
to the residue field of E ′ at w′. But then E/K defines purely a residue extension of E ′/K ′, and
thus w′(E ′∗) = v′(K ′∗).
Next assume that w is non-trivial, so that by the above v is non-trivial as well. We pass to
the completions and note that Ew/Kv and E
′
w′/K
′
v′ remain Galois extensions. By the Cohen
structure theorem, Kv now contains the residue field k(v), and Ev the residue field k(w). In
particular, F = k(w)Kv is an unramified extension of Kv and Ew/F is totally ramified. We
may thus consider these two cases separately. Suppose first that Ew/Kv is unramified. Then
E ′w′ = K
′
v′k(w) where clearly k(w) defines a separable extension of the residue field of K
′
v′ .
Hence E ′w′/K
′
v′ is unramified. We conclude w
′(E ′∗) = v′(K ′∗) which completes the argument.
Finally let Ew/Kv be totally ramified. By our hypothesis, the extension E/K is at most `-order
ramified at w. It follows that Ew/Kv is a Galois extension with Gal(Ew/Kv) an `-group. Now
Gal(E ′w′/K
′
v′) injects into Gal(Ew/Kv) because E
′ = KE, and thus [E ′w : K
′
v] is a power of `.
Since the order of w′(E ′∗)/v′(K ′∗) divides the degree [E ′ : K ′], the proof is complete.
Combining ramification properties with finiteness properties of fundamental groups, we obtain
the following criterion for a family of representations of Gal(K) with images in Jor`(d), or with
abelian images of bounded order, to become trivial over Gal(K ′k˜) for some finite K ′/K.
Proposition 4.8. Let k be a field and let S/k be a normal k-variety with function field K. Let
L be a set of prime numbers which does not contain char(k). Suppose (ρ` : pi1(S)→ G`)`∈L is a
family of continuous homomorphisms such that if char(k) > 0 each ρ` is `-tame. Under either
of the following two conditions there exists a finite extension K ′ of K such that for all ` ∈ L we
have ρ`(Gal(K
′k˜)) = {1}.
(a) The field k is finite or a number field and there exists a constant d ∈ N such that for each
` ∈ L the group Im(ρ`) lies in Jor`(d).
(b) The field k is algebraically closed and there exists a constant c ∈ N such that for each
` ∈ L the group Im(ρ`) is of order at most c.
Proof. First we replace K by a finite Galois extension and S be the normalization in this
extension, so that we can assume that ρ`(pi1(S)) = {1} for all ` ≤ d or ` ≤ c, respectively. Next
we apply the result of de Jong on alterations (cf. [6, Thm. 4.1, 4.2]). It provides us with a finite
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extension k′ of k, a smooth projective geometrically connected k′-variety T ′, a non-empty open
subvariety S ′ of T ′ and an alteration f : S ′ → S, such that furthermore D′ := T ′ r S ′ is a
normal crossing divisor. We define K ′ to be the function field of S ′, so that K ′/K is finite. (If
k is perfect, we could also assume that K ′/K is separable.)
Next observe, that if char(k) is positive, then the (divisor) `-tameness of ρ` implies the (divisor)
`-tameness of ρ`|pi1(S′) by Lemma 4.7, and thus, by Proposition 4.6, for each ` the extension
K ′` = (K
′
s)
Ker(ρ`|pi1(S′)) of K ′ is `-tame. Because of the first reduction step in the previous
paragraph, this implies that each ρ`|pi1(S′) is unramified at the generic points of D′. Purity of
the branch locus (cf. [18, X.3.1]) now implies that all ρ`|pi1(S′) factors via pi1(T ′).
Now, in case (a), the assertion of the proposition follows from Proposition 4.1. In case (b) we
use that, since k is algebraically closed, the fundamental group pi1(T
′) is topologically finitely
generated (cf. [18, Thm. X.2.9]), and that furthermore, if char(k) = 0, the same holds true for
pi1(S
′) (cf. [19, II.2.3.1]). Hence there are only finitely many possibilities for the fields K ′` and∏
`K
′
` is a finite extension of K
′. This completes the proof in case (b).
5 An independence criterion
From now on, let k be any field, let K/k be a finitely generated field extension and let L be a
set of prime numbers not containing p := char(k). For every ` ∈ L let G` be a profinite group
and let ρ` : Gal(K)→ G` be a continuous homomorphism.
If for all ` ∈ L the groups Im(ρ`) are n-bounded at `, then by Theorem 3.4 we have a short
exact sequence 1→M` → Im(ρ`)→ H` → 1 with H` ∈ Jor`(d) for d = J ′(n) and M` ∈ Σ`(2n).
At the end of the previous section we have seen that a combination of tameness of ramification
and results on fundamental groups allow one to control the H` in a uniform manner. In this
section we shall show how to control M` in a uniform manner, if one has a uniform control on
ramification. We begin by introducing the necessary concepts and then give the result.
To (ρ`)`∈L we attach the family (ρ˜`)`∈L by defining each ρ˜` as the composite homomorphism
ρ˜` : Gal(K)
ρ`−→ Im(ρ`)→ Im(ρ`)/Q`
where Q` is the maximal normal pro-` subgroup of im(ρ`). Note that if ρ` is an `-adic represen-
tation, then ρ˜` is essentially the semisimplification of the mod ` reduction of ρ`.
Definition 5.1. (a) The family (ρ`)`∈L is said to satisfy the condition R(k), if there exist a
finite extension k′ of k, a finite extension K ′/Kk′ and a smooth k′-variety U ′ with function
field K ′ such that for every ` ∈ L the homomorphism ρ˜`|Gal(K′) is unramified along U ′.
(b) The family (ρ`)`∈L is said to satisfy the condition S(k), if it satisfies R(k) and if one can
choose the field K ′ for R(k) such that each ρ˜`|Gal(K′) is `-tame.
The condition R(k) says that each member ρ˜` is up to pro-` ramification potentially generically
e´tale in a uniform way. The condition S(k) is a kind of semistability condition.
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Example 5.2. Set L = L r {char(k)} and let A/K be an abelian variety. For every ` ∈ L
denote by σ` : Gal(K)→ AutZ`(T`(A)) the representation of Gal(K) on the `-adic Tate module
lim←− i∈NA[`
i]. There exists a finite extension k′ of k and a finite separable extension K ′/k′K such
that K ′ is the function field of some smooth k′-variety V ′. By the spreading-out principles of
[17] there exists a non-empty open subscheme U ′ of V ′ and an abelian scheme A over U ′ with
generic fibre A. This implies (cf. [19, IX.2.2.9]) that σ` is unramified along U
′ for every ` ∈ L.
Hence the family (σ`)`∈L satisfies condition R(k).
In order to obtain also S(k), we choose an odd prime `0 ∈ L, and we require the field K ′ above
to be finite separable over k′K(A[`0]). Now let v′ be any discrete valuation of K ′ which is trivial
on k′, and let Rv′ be the discrete valuation ring of v′. Let Nv′/ Spec(Rv′) be the Ne´ron model
of A over Rv′ . The condition K
′ ⊃ K(A[`0]) forces Nv′ to be semistable (cf. [19, IX.4.7]). This
in turn implies that σ`|I(v′) is unipotent (and hence σ`(I(v′)) is pro-`) for every ` ∈ L (cf. [19,
IX.3.5]). It follows that the family (σ`)`∈L satisfies condition S(k).
The following is the main independence criterion of this section:
Proposition 5.3. Let k be an algebraically closed field and let K/k be a finitely generated ex-
tension. Suppose that (ρ`)`∈L is a family of representations of Gal(K) that satisfies the following
conditions:
(a) The family (ρ`)`∈L satisfies R(k) if char(k) = 0 and S(k) if char(k) > 0.
(b) There exists a constant c ∈ N such that for all ` ∈ L one has ρ`(Gal(K)) ∈ Σ`(c).
Then there exists a finite abelian Galois extension E/K with the following properties.
(i) For every ` ∈ L the group ρ`(Gal(E)) lies in Σ`(c) and is generated by its `-Sylow
subgroups; if ` > c then the group ρ`(Gal(E)) is generated by the `-Sylow subgroups of
ρ`(Gal(K)).
(ii) The group Gal(E) is a characteristic subgroup of Gal(K).
(iii) The restricted family (ρ`|Gal(E))`∈Lr{2,3} is independent and (ρ`)`∈L is almost independent.
Proof. We can assume that ρ` is surjective for all ` ∈ L. Denote by G+` the normal subgroup of
G` which is generated by the pro-` Sylow subgroups of G`. Then G` := G`/G
+
` is a finite group
of order prime to `. Denote by pi` : G` → G` the natural projection. As G` lies in Σ`(c), so
does its quotient G` by Lemma 3.9(b). Now any group in Σ`(c) of order prime to ` is abelian
of order at most c, and thus the latter holds for G`.
Let K+` be the fixed field in Ks of the kernel of the map pi` ◦ρ`, so that Gal(K+` /K) ∼= G`. Then
the compositum E =
∏
`∈LK
+
` is an abelian extension of K such that Gal(E/K) is annihilated
by c!. From Proposition 4.8(b), which uses hypothesis (a), we see that E/K is finite. Assertion
(ii) is now straightforward: By definition of the K+` the subgroups Gal(K
+
` ) of Gal(K) are
characteristic and hence so is their intersection Gal(E).
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We turn to the proof of (i): For every ` ∈ L, from (ii) the group ρ`(Gal(E)) is normal in G`,
and hence it lies in Σ`(c) by Lemma 3.9. By construction ρ`(Gal(E)) ⊂ ρ`(Gal(K+` )) = G+` and
N` := G
+
` /ρ`(Gal(E)) is abelian and annihilated by c!. We claim that (1) N` is an `-group, so
that N` is trivial if ` > c, and that (2) ρ`(Gal(E)) is generated by its pro-` Sylow subgroups.
We argue by contradiction and assume that (1) or (2) fails.
If (2) fails, then ρ`(Gal(E)) has a finite simple quotient of order prime to `. Because ρ`(Gal(E))
lies in Σ`(c), this simple quotient has to be abelian of prime order `
′ different from `. Again
by (b), the Galois closure over K of the fixed field of this `′-extension is a solvable extension.
Denote by F either this solvable extension if (2) fails, or the extension of K+` whose Galois
group is canonically isomorphic to N` if (1) fails. In either case F/K is Galois and solvable,
and we have a canonical surjection pi′` : G` −→→ Gal(F/K). Arguing as in the first paragraph,
it follows that I` surjects onto Gal(F/K). By construction Gal(F/K
+
` ) is not an `-group. It
follows from the definition of K+` that the normal subgroup pi
′
`(P`) ⊂ Gal(F/K) is a proper
subgroup of Gal(F/K+` ). But then its fixed field is a proper extension of K
+
` which is at once
Galois and of a degree over K that is prime to `. This contradicts the definition of K+` , and
thus (1) and (2) hold. This in turn completes the proof of (i).
We now prove (iii). Denote by Ξ` the class of those finite groups which are either a finite simple
group of Lie type in characteristic ` or isomorphic to Z/(`). The conditions in (i) imply that
every simple quotient of ρ`(Gal(E)) lies Ξ`. But now for any `, `
′ ≥ 5 such that ` 6= `′ one has
Ξ` ∩ Ξ`′ = ∅ (cf. [37, Thm. 5], [1], [25]). The first part of (iii) now follows from [37, Lemme
2]. The second part follows from the first, the definition of almost independence and from [37,
Lemme 3].
6 Reduction steps
Let k, K, L, p and (ρ`)`∈L be as at the beginning of Section 5. In the previous two sections we
have described ramification properties of (ρ`)`∈L and properties of (ρ`(Gal(K)))`∈L that were
essential to control in a uniform way the groups H` and M` that occur in ρ`(Gal(K)) as in
Theorem 3.4. The aim of this section is to explain how these properties for a general pair (K, k)
in our target Theorem 1.2, can be reduced to a pair where k is the prime field and K is finitely
generated over it. Moreover we shall explain how one can reduce the proof of our target theorem
to the case where X is a smooth and projective variety over K.
Lemma 6.1. Suppose we have a commutative diagram of fields
K 
 // K ′
k 
 //
 ?
OO
k′
 ?
OO
such that K ′ is finite over Kk′. Then the following properties hold true:
(i) If (ρ`)`∈L satisfies R(k), then (ρ`|Gal(K′))`∈L satisfies R(k′).
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(ii) If char(k) > 0 and (ρ`)`∈L satisfies S(k), then (ρ`|Gal(K′))`∈L satisfies S(k′).
(iii) If there exists a constant c ∈ N such that for all ` ∈ L, the group ρ`(Gal(Kk˜)) lies in
Σ`(c), then there exists a finite Galois extension E
′/K ′ such that for all ` ∈ L, the group
ρ`(Gal(E
′k˜′)) lies in Σ`(c).
Proof. Considering the diagram
K K 
 // k′K 
 // K ′
k 
 //
 ?
OO
k′ ∩K
 ?
OO
  // k′
 ?
OO
k′,
 ?
OO
it suffices to prove the lemma in the following three particular cases: (a) K ′ = K, (b) Kk′ = K ′
and K ∩ k′ = k (base change), (c) k = k′ and K ′ is finite over K.
For the proof of (iii) note that in case (a) the group Gal(K ′k˜′) is a closed normal subgroup
of Gal(Kk˜) and in case (b) the canonical homomorphism Gal(K ′k˜′) → Gal(Kk˜) is surjective.
In either case we take E = K ′. Finally in case (c) we define E as the Galois closure of K ′
over K. Then in cases (a) and (c) assertion (iii) follows from Corollary 3.10 with H = Gal(E)
and G = Gal(K). Case (b) is obvious.
In all cases, the proof of (ii) is immediate from Lemma 4.7, once (i) is proved. Therefore it
remains to prove (i). We first consider case (a). By replacing k, k′ and K several times by
finite extensions, we can successively achieve the following, where in each step the previous
property is preserved: First, using de Jong’s result on alterations (cf. [6, Thm. 4.1, 4.2]), there
exists a smooth projective scheme X/k′ whose function field is K. Second, by the spreading
out principle, there exists an affine scheme U ′ over k whose function field is k′ and a smooth
projective U ′-scheme X whose function field is K. Third, by hypothesis R(k) there exists a
smooth k-scheme U whose function field is K such that all ρ˜` factor via pi1(U). By shrinking
U we may assume it to be affine. Also we choose an affine open subscheme V of X . The
corresponding coordinate rings we denote by R and R, respectively. Both of these rings are
finitely generated over k. Since the fraction field of both is K, by inverting a suitable element
g 6= 0 of R we have R[g−1] ⊃ R, and similarly we can find 0 6= f ∈ R. such that R[f−1] ⊃ R.
Inverting both elements shows that we can find an affine open subscheme V of both U and V .
In particular, the function field of V is K, the scheme V is smooth over k and over U ′ and the
representations ρ` all factor via pi1(V ). The following diagram displays the situation:
V
M m
||
 q
##

V ′

oo
U

X

Xoo

SpecKoo
yy
U ′
||
Spec k′oo
uu
Spec k
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Define V ′ as the base change V ×U ′ Spec k′, so that V ′ → Spec k′ is smooth and affine. Now if
W → U is any e´tale Galois cover, then the base change W ×U V ′ is an e´tale Galois cover of V ′.
We deduce that ρ˜` factors via pi1(V
′) for all `, and thus we have verified R(k′) for (ρ˜`)`∈L.
Case (b): This is a base change. Therefore if we replace k by a finite extension, then U/k becomes
a smooth variety with function field a finite separable extension of Kk′. But then U×Spec kSpec k′
is smooth over k′ and its function field is a finite separable extension of K ′ = Kk′. From this
(i) is immediate.
Case (c): To see R(k) over K ′, let k′ ⊃ k and K ′′ ⊃ K ′k′ be finite extensions such that there
exists a smooth k′-scheme U with function field K ′′ such that all ρ˜` factor via pi1(U). Let U ′ be
the normalization of U in K ′K ′′. Now choose k′′ ⊃ k′ and K ′′′ ⊃ K ′K ′′ finite such that there
is a smooth k′′-scheme U ′′ with function field K ′′ and a finite morphism to U ′. Then R(k′) is
verified by U ′′.
The following is a standard lemma from algebraic geometry about models of schemes over finitely
generated fields.
Lemma 6.2. Let k be a field, K/k be finitely generated and X be an separated algebraic scheme
over K. Then there exists an absolutely finitely generated field K0 ⊂ K and a separated algebraic
scheme X0 over K0 such that kK0 = K and X0 ⊗K0 K = X. If in addition X/K is smooth
and/or projective, then one can choose X0 and K0 in a way so that X0/K0 is smooth and/or
projective.
Proof. Let K be the set of all finitely generated subfields of K. Then K =
⋃
K′∈KK
′ and
Spec(K) = lim←−
K′∈K
Spec(K ′). There exists K ′ ∈ K and a separated algebraic K ′-scheme X ′ such
that X = X ′K′ (cf. [17, 8.8.2] and [17, 8.10.5(v)]). If X/K is projective, then one can choose K
′
and X ′ in such a way that X ′/K ′ is projective (cf. [17, 8.10.5(xiii)]). If X/K is smooth, then
X ′/K ′ is smooth. Furthermore there exist x1, · · · , xt ∈ K such that K = k(x1, · · ·xt). Define
K0 := K
′(x1, · · · , xt) and X0 := X ′K0 . Then kK0 = K, the field K0 is finitely generated and X0
has the desired properties.
For a separated algebraic scheme X over K and any ` ∈ L r {char(k)} we denote by ρ`,X the
representation of Gal(K) on
⊕
q≥0
(
Hqc (XK˜ ,Q`)⊕Hq(XK˜ ,Q`)
)
.
Corollary 6.3. Let p be a prime number or p = 0. Let L = L r {p}. Suppose that for all
absolutely finitely generated fields K0 with prime field k0 of characteristic p and for all schemes
X0 that are separated algebraic over K0, the following conditions are true:
(a) The family (ρ`,X0)`∈L satisfies R(k0) if p = 0 and S(k0) if p > 0.
(b) There exists a constant c ∈ N and a finite extension E0 of K0 such that for all ` ∈ L one
has ρ`,X0(Gal(E0k˜0)) ∈ Σ`(c).
Let k,K,X be as in Theorem 1.2 and ρ` = ρ`,X for ` ∈ L. Then there exists a finite Galois
extension K ′/K and a finite Galois extension E/K with K ′ ⊂ E such that the assertions (a)
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and (b) and conclusions (i)-(iii) of Proposition 5.3 about (ρ`)`∈L hold true if one replaces K by
K ′ in them. In particular Theorem 1.2 holds.
Proof. Let k be an algebraically closed field, let K over k be a finitely generated extension
field and let X be a separated algebraic scheme over K. By Lemma 6.2, we can find K0 ⊂ K
absolutely finitely generated and X0 a separated algebraic scheme over K0 such that X =
X0⊗K0K, and moreover if X is smooth and/or projective over K, then the same can be assumed
for X0 over K0. Next let c be the constant and E0 the field as guaranteed by our hypotheses.
Now Lemma 6.1 yields a finite Galois extension K ′/E0K such that (ρ`,X |Gal(K′))`∈L satisfies
R(k) if p = 0 and S(k) if p > 0 and in addition that for all ` ∈ L, the image ρ`(Gal(K ′)) lies in
Σ`(c). We can assume K
′/K Galois after replacing K ′ by a finite extension. By Proposition 5.3,
there exists a finite abelian Galois extension E of K ′ such that the assertions and conclusions of
Proposition 5.3 hold true if one replaces K by K ′ in them. Furthermore E/K is Galois because
Gal(E) is a characteristic subgroup of the normal subgroup Gal(K ′) of Gal(K).
We now come to the second reduction step.
Definition 6.4. For a representation ρ` : Gal(K) → GLn(Q`) we denote by ρsss` its strict
semisimplification, i.e., the direct sum over the irreducible subquotients of ρ` where each iso-
morphism type occurs with multiplicity one.
Note that Im(ρsss` ) = Im(ρ
ss
` ) where ρ
ss
` denotes the usual semisimplification of ρ`.
Lemma 6.5. For every ` ∈ L let ρ` and ρ′` be representations Gal(K) → GLn(Q`). Suppose
that one of the following two assertions is true:
(a) ρsss` = (ρ
′
`)
sss for all ` ∈ L, or
(b) ρ` is a direct summand of ρ
′
` for all ` ∈ L.
Then the following hold:
(i) if the family (ρ′`)`∈L satisfies R(k) then so does (ρ`)`∈L;
(ii) if the family (ρ′`)`∈L satisfies S(k) then so does (ρ`)`∈L;
(iii) for any ` ∈ L, if ρ′`(Gal(Kk˜)) lies in Σ`(c) then so does ρ`(Gal(Kk˜)).
Note that condition (a) is symmetric, so that under (a) each of (i)–(iii) is an equivalence.
Proof. The proof of (i)–(iii) under hypothesis (a) is an immediate consequence of the simple
fact that the kernel of Im(ρ`) → Im(ρss` ) = Im(ρsss` ) is a pro-`-group. Assertions (i) and (ii)
under hypothesis (b) are trivial. For (iii) note that hypothesis (b) implies that ρ′`(Gal(Kk˜)) is
a closed normal subgroup of ρ`(Gal(Kk˜)), and so we can apply Lemma 3.9.
The following important result is taken from the Seminaire Bourbaki talk of Berthelot on de
Jong’s alteration technique (cf. [4, Thm. 6.3.2])
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Theorem 6.6. Let k be a field and K be a finitely generated extension field. Let X be a
separated algebraic scheme over K. Then there exists a finite extension k′/k, a finite separable
extension K ′/Kk′ and a finite set of smooth projective varieties {Yi}i=1,...,k over K ′ such that
for all ` ∈ Lr{char(k)} the representation (ρ`,X |Gal(K′))sss is a direct summand of
(⊕
i ρ`,Yi
)sss
.
Before giving the proof of Theorem 6.6, let us state the following immediate consequence of
Theorem 6.6, Lemma 6.5 and Corollary 6.3:
Corollary 6.7. Let p be a prime number or p = 0. Let L = L r {p}. Suppose that for all
absolutely finitely generated fields K0 with prime field k0 of characteristic p and for all smooth
projective K0-varieties X0/K0, the following conditions are true:
(a) The family (ρ`,X0)`∈L satisfies R(k0) if p = 0 and S(k0) if p > 0.
(b) There exists a constant c ∈ N and a finite extension E0 of K0 such that for all ` ∈ Lr{p}
one has ρ`,X0(Gal(E0k˜0)) ∈ Σ`(c).
Let k be an algebraically closed field of characteristic p. Let K/k be a finitely generated extension
and X/K a separated algebraic scheme. Then there exists a finite Galois extension E/K such
that the following holds true:
(i) The family (ρ`,X)`∈L satisfies R(k) if p = 0 and S(k) if p > 0.
(ii) For every ` ∈ L the group ρ`,X(Gal(E)) lies in Σ`(c) and is generated by its `-Sylow
subgroups.
(iv) The restricted family (ρ`,X |Gal(E))`∈Lr{2,3} is independent and (ρ`,X)`∈L is almost indepen-
dent.
In particular Theorem 1.2 holds.
Note that the auxiliary field K ′ from corollary 6.3 disappears in corollary 6.7 since we only
record those assertions and conclusions from Proposition 5.3, that are important later, and
these do not involve the field K ′.
Proof of Theorem 6.6. For completeness we provide details of the proof in [4]. For ? ∈ {c,∅}
we denote by ρ`,X,? the representation of Gal(K) on
⊕
q≥0
(
Hq? (XK˜ ,Q`)
)
. It suffices to prove the
theorem separately for the families (ρ`,X,?)`∈L. We also note that whenever it is convenient, we
are allowed (by passing from K to a finite extension) to assume that X is geometrically reduced
over K. This is so because Hq? (XK˜ ,Q`) ∼= Hq? (XK˜,red,Q`) for any q ∈ Z and ? ∈ {∅, c}. We
first consider the case of cohomology with compact supports. The proof proceeds by induction
on dimX.
We may assume, by passing from K to a finite extension, that X is geometrically reduced.
Then XK˜ is generically smooth. After passing from K to a finite extension, we can find a dense
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open subscheme U ⊂ X that is smooth over K. By the long exact cohomology sequence with
supports (cf. [29, Rem. III.1.30]) we have for any ` an exact sequence
. . . −→ H ic(UK˜ ,Q`) −→ H ic(XK˜ ,Q`) −→ H ic((X r U)K˜ ,Q`) −→ . . . ,
so that for all ` the representation (ρ`,X,c)
sss is a direct summand of (ρ`,U,c)
sss ⊕ (ρ`,XrU,c)sss.
By induction hypothesis, it thus suffices to treat the case that U is smooth over K. By the
induction hypothesis it is also sufficient to replace U by any smaller dense open subscheme, and
it is clearly also sufficient to treat the case where U is in addition geometrically irreducible.
By de Jong’s theorem on alterations (cf. [6, Thms. 4.1, 4.2]), after passing from K to a finite
extension, we can find a smooth projective scheme Y, an open subscheme U ′ of Y and an
alteration pi : U ′ → U . By replacing K yet another time by a finite extension, we can assume
that U ′ → U is generically finite e´tale. And now we pass to an open subscheme V of U and to
V ′ := pi−1(V ) ⊂ U ′ such that V ′ → V is finite e´tale. By the induction hypothesis applied to
Y rV ′ and again the long exact cohomology sequence for cohomology with support, we find that
the assertion of the theorem holds true for (ρ`,V ′,c)
sss
`∈L. From now on pi denotes the restriction
to V ′ and Q`,X will be the constant sheaf Q` on any scheme X. Since pi is finite e´tale, say of
degree d, there exists a trace morphism Tracepi : pi∗Q`,V ′ → Q`,V whose composition with the
canonical morphism Q`,V → pi∗Q`,V ′ is multiplication by d (cf. [29, Lem. V.1.12]). In particular,
the constant sheaf Q`,V is a direct summand of pi∗Q`,V ′ . Since H ic(V ′K˜ ,Q`)
∼= H ic(VK˜ , pi∗Q`), we
deduce that (ρ`,V,c)
sss is a direct summand of (ρ`,V ′,c)
sss, and this completes the induction step.
Now we turn to the case ? = ∅. The case when X is smooth over K but not necessarily
projective is reduced, by Poincare´ duality, to the case of compact supports: If X is connected
then one has Hq(XK˜ ,Q`) ∼= H2d−qc (XK˜ ,Q`(d))∨ for d = dimX (cf. [29, Cor. VI.11.12]), and one
can reduce to the connected case by considering the connected components of X seperately.
Suppose now that X is an arbitrary separated algebraic scheme over K. By what we said above,
we may assume that X is geometrically reduced. Again we perform an induction on dimX.
The first step is a reduction to the case where X is irreducible, which maybe thought of as an
induction by itself. Suppose X = X1 ∪X2 where X1 is an irreducible component of X and X2
is the closure of X rX1. Consider the canonical morphism f : X1 unionsqX2 → X. It yields a short
exact sequence of sheaves
0 −→ Q`,X −→ f∗Q`,X1unionsqX2 −→ F −→ 1 (1)
where F is a sheaf on X. Consider the inclusion i : X0 ↪→ X for X0 := X1 ∩X2. We claim that
F ∼= i∗Q`,X0 . To see this observe first that if we compute the pullback of the sequence along the
open immersion j : X r X0 ↪→ X, then F vanishes and the morphism on the left becomes an
isomorphism. In particular, F is supported on X0. To compute the pullback along the closed
immersion i we may apply proper base change, since f is proper. But now the restriction of f
to X0 is simply the trivial double cover X0 unionsqX0 −→→ X0, so that i∗F ∼= Q`,X0 . This proves the
claim because F ∼= i∗i∗F , as F is supported on X0.
By an inductive application of the long exact cohomology sequences to sequences like (1),
it suffices to prove the theorem for schemes X that are geometrically integral and separated
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algebraic over K. In this case, the proof follows by resolving X by a smooth hypercovering
X• see [6, p. 51], [8, 6.2.5] and the proof of [4, Thm. 6.3.2]. Since the hypercovering yields
a spectral sequence that computes the cohomology of X in terms of the cohomologies of the
smooth Xi, and this for all `, and since only those Xi with i ≤ 2 dimX, contribute to X, the
induction step is complete since we have reduced the case of arbitrary X to lower dimensions
and to smooth Xi.
7 Proof of the main theorem
In this final section, we study the family (ρ`,X)`∈L in the particular case where K is absolutely
finitely generated with prime field k. We shall establish properties R(k) and if char(k) > 0 also
property S(k). This will use Deligne’s purity results from Weil I (cf. [7, Thm. 1.6]) as well as
the global Langlands correspondence for function field proved by Lafforgue (cf. [26]).
Let k be a finite field and U a smooth k-variety. For every closed point u ∈ U let k(u) be the (fi-
nite) residue field of u, and let D(u) ⊂ pi1(U) be the corresponding decomposition group (defined
only up to conjugation). Denote by Fru ∈ D(u) the preimage under the canonical isomorphism
D(u) ∼= Gal(k(u)) of the map σu : x 7→ x|k(u)|, so that within pi1(U), the automorphism Fru is
also defined only up to conjugation.
Proposition 7.1. Suppose K is a finitely generated field of characteristic p ≥ 0. Let k be the
prime field of K. Let X/K be a smooth projective scheme.
a) There exists a finite separable extension K ′/K and smooth k-variety U ′/k with function
field K ′ such that for each q ≥ 0 and every ` ∈ L r {p}, the representation ρ(q)`,X |Gal(K′) of
Gal(K ′) is unramified along U ′.
b) If p > 0, then the family of representations (ρ
(q)
`,X |Gal(K′))`∈Lr{p} is strictly compatible and
pure of weight q, that is: For every closed point u′ ∈ U ′ the characteristic polynomial pu′(T )
of ρ
(q)
`,X(Fru′) has integral coefficients, is independent of ` ∈ Lr{p}, and the reciprocal roots
of pu′(T ) all have absolute value |k(u′)|q/2.
Proof. Note that k is perfect. There exists a finite separable extension E/K such that XE splits
up into a disjoint union of geometrically connected smooth projective E-varieties. Thus, after
replacing K by a finite separable extension, we can assume that X/K is geometrically connected.
Let (S1, · · · , Sr) be a separating transcendence basis of K/k. Identify k(S1, · · · , Sr) with the
function field of Ar and let S be the normalization of Ar in K. Then S is a normal k-variety
with function field K. There exists an alteration S ′ → S such that S ′/k is a smooth variety and
the function field K ′ of S ′ is a finite separable extension of K (cf. [6, Thm. 4.1, Remark 4.2]).
Let A be the set of all affine open subschemes of S ′. Then Spec(K ′) = lim←−
U ′∈A
U ′. There exists
U ′ ∈ A and a projective U ′-scheme f : X ′ → U ′ such that X ′ ×U ′ Spec(K ′) = XK′ . (cf. [17,
8.8.2] and [17, 8.10.5(v) and (xiii)]). By the theorem of generic smoothness, after shrinking U ′
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and X ′, we can assume that f is smooth. Furthermore, after removing the support of f∗(OX ′)
from U ′ and shrinking X ′ accordingly, we can assume that f has geometrically connected fibres.
Let q ≥ 0 and u′ ∈ U ′. Define k′ := k(u′) and Xu′ := X ′ ×U ′ Spec(k′). Then for every
` ∈ L r {p} the e´tale sheaf Rqf∗Z` is lisse and compatible with any base change (cf. [29, VI.2.,
VI.4]). Thus ρ
(q)
`,X |Gal(K′) factors through pi1(U ′) and a) holds true. Furthermore it follows that
Hq(XK˜ ,Q`) can be identified with Hq(Xu′,k˜′ ,Q`) in a way compatible with the Galois actions.
Assume p > 0. Part b) then follows applying Deligne’s theorem on the Weil conjectures (cf. [7,
Thm. 1.6]) to Xu′ .
Lemma 7.2. Let the notation be as in the previous proposition and suppose we are in the
situation of part (b), so that k is a finite field. Fix q ∈ Z and denote by n the dimension of
Hq(XK˜ ,Q`) which is independent of ` 6= p. Then the following hold:
(a) For any smooth curve C over k and morphism ϕ : C → U ′, there exist irreducible cuspidal
automorphic representations (piC,i)i=1,...,mϕ of GLni(Ak(C)) such that
∑
i ni = n and for all
` the representation (ρ
(q)
`,X ◦ ϕ∗)ss, where ϕ∗ : pi1(C)→ pi1(U ′), agrees with the `-adic repre-
sentation ⊕iρ`,piC,i attached to piC,i via the global Langlands correspondence in [26, p. 2].
(b) If for some prime `0 ≥ 3 there is a Z`0-lattice Λ of the Q`0 representation space underlying
ρ
(q)
`0,X
that is stabilized by Gal(K ′) and such that Gal(K ′) acts trivially on Λ/`0Λ, then in
(a) for all ϕ : C → U ′ the representations piC,i are semistable2 at all places of P (C)r C.
In particular, for all ` 6= p, the representation ρ(q)`,X satisfies S(k).
Proof. Let C be a smooth curve over k and ϕ : C → U ′ a morphism over k. By Proposition 7.1,
the family of representations (ρ
(q)
`,X◦ϕ∗)ss, where ` 6= p, is pure of weight q, semisimple and strictly
compatible as a representation of pi1(C). By the main theorem of [26, p. 2], each (ρ
(q)
`,X ◦ ϕ∗)ss
being pure and semisimple gives rise to a list of irreducible cuspidal automorphic representations
via the global Langlands correspondence.3 By the strict compatibility and the bijectivity of the
correspondence on simple objects, this list is the same for all ` (up to permutation). This
proves (a).
Let now `0 be as in (b). For each ϕ : C → U ′ as in (a) consider the representation (ρ(q)`0,X ◦ ϕ∗)ss
as an action on the lattice Λ, that is trivial modulo `0Λ. Any filtration of Λ⊗Z`0 Q`0 preserved
by the action of Gal(k(C)) induces a filtration of Λ. Denote by ΛC the induced lattice for
(ρ
(q)
`0,X
◦ ϕ∗)ss. Then it follows that the induced action of Gal(k(C)) on ΛC/`0ΛC is trivial.
Since `0 > 2, this implies that series of the logarithm converges on the image of (ρ
(q)
`0,X
◦ ϕ∗)ss.
2We call an automorphic representation pi of GLn semistable at a place v if under the bijective local Langlands
correspondence between local representations and Frobenius semi-simplified Weil-Deligne parameters, the Weil-
Deligne parameter of piv is unramified when restricted to the Weil group. This definition is for instance used in
[33, § 2]. In loc. cit. on page 8 it is also pointed out that by [3], this notion of semistability is equivalent to that
of the automorphic representation having an Iwahori fixed vector.
3Lafforgue in [26] describes only a correspondence between Q`-sheaves of weight 0, i.e., Galois representations
to GLn whose determinant has finite image, and automorphic representations with finite order central character.
A general statement is given in [9, § 0 and 0.1]
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This image being pro-`, a standard argument (cf. [39, Cor. 4.2.2]) shows that the Weil-Deligne
representation at any place of P (C) attached to (ρ
(q)
`0,X
◦ϕ∗)ss is unramified when restricted to the
Weil group. But then by the compatibility of the global and local Langlands correspondence
(cf. [26, Thme. VII.3, Cor. VII.5]), this means that all piC,i are semistable at the places in
∂C (they are unramified at all other places). We now apply the same argument to all ` 6= p
in reverse, to deduce that all ramification of (ρ
(q)
`,X ◦ ϕ∗)ss is `-tame for all ` 6= p. The point
simply is that in a family of Galois representations arising from a set of automorphic forms, the
Weil-Deligne representation at a place of P (C) is independent of ` 6= p.
Finally from Proposition 4.6(b), which is a variant of a result of Kerz-Schmidt-Wiesend, we
deduce that for all ` 6= p, the representation ρ(q)`,X is divisor `-tame. Combined with Proposi-
tion 7.1(b), this establishes S(k).
Remark 7.3. We would like to point out the parallel between the proof of S(k) in part (b) of
the previous lemma and in Example 5.2. In the proof of (b) we selected a prime `0 and enlarged
K so that its image would act trivially on Λ/`0Λ via ρ`0 for a Gal(K)-stable lattice Λ. Then
we could use the uniformity provided by automorphic representations (after restricting the ρ`
to any curve) to deduce from this that all ramification was semistable in a sense.
In Example 5.2 we selected a prime `0 and enlarged K so that it contains K(A[`0]). This
requirement is equivalent to asking that Gal(K) acts trivially on the quotient T`0(A)/`0T`0(A)
for the lattice T`0(A) from the Tate-module. Then we used the uniformity provided by the
Ne´ron model N of the abelian variety A over any discrete valuation ring in K to deduce S(k).
The semistability of N follows from the condition at the single prime `0 – in the analogous way
that the semistability of automorphic representations was deduced from a single prime `0.
Corollary 7.4. Suppose K is absolutely finitely generated and of characteristic p > 0. Suppose
X/K is smooth projective. Then (ρ`,X)`∈Lr{p} satisfies S(k).
Proof. Fix a prime `0 ≥ 3. Choose a lattice Λ underlying the representation ρ`0,X . Replace K
by a finite extension such that Gal(K) acts trivially on Λ/`0Λ via ρ`0,X . Apply now (b) of the
previous lemma to deduce the corollary.
Theorem 7.5. Let k′ be a field of characteristic p ≥ 0 and let K ′/k′ be a finitely generated
extension. Let L = L r {p}. Let X ′/K ′ be a separated algebraic scheme. Then there exists a
finite extension E ′/K ′ and a constant c′ ∈ N with the following properties:
(i) For every ` ∈ L the group ρ`,X′(Gal(k˜′E ′)) lies in Σ`(c′) and is generated by its `-Sylow
subgroups.
(ii) The family (ρ`,X′ |Gal(k˜′E′))`∈Lr{2,3} is independent and (ρ`,X′ |Gal(k˜′K))`∈L is almost indepen-
dent.
Proof. It suffices to establish conditions (a) and (b) of Corollary 6.7. For this, letK be absolutely
finitely generated, k its prime field and X/K a smooth projective variety. In this case we have
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proven that R(k) holds in Proposition 7.1 and that S(k) holds for k of positive characteristic
in Corollary 7.4. This verifies condition (a) of Corollary 6.7.
For condition (b) define n to be the dimensions of ρ`,X . Since X/K is smooth projective, this
dimension is independent of the chosen `. Thus all images ρ`,X(Gal(K)) are n-bounded at `.
From Theorem 3.4 we deduce for each ` the existence of a short exact sequence
1→M` → ρ`,X(Gal(K))→ H` → 1
with M` in Σ`(2
n) and H` in Jor`(J
′(n)), for the constant J ′(n) from Theorem 3.4. Consider
the induced representations τ` defined as the composite Gal(K)
ρ`,X→ ρ`,X(Gal(K))→ H`. Since
ρ`,X satisfies R(k) if char(k) = 0 and S(k) if char(k) > 0, the hypotheses of Proposition 4.8
are met if we replace Gal(K) by pi1(U
′) with U ′ from Proposition 7.1. Hence there exists a
finite extension K ′ of K such that τ`(Gal(K ′k˜)) is trivial for all ` 6= p. But this shows that
ρ`,X(Gal(K
′k˜)) lies in Σ`(2n) for all ` 6= p, proving condition (b) of Corollary 6.7 and completing
the proof.
Remark 7.6. Under the hypothesis of the above theorem, Corollary 6.7 also tells us that R(k′)
holds for (ρ`,X′)`∈L if char(k′) = 0 and that S(k′) holds for (ρ`,X′)`∈L if char(k′) = p > 0.
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